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Abstract
The light-front heavy quark effective theory is derived to all orders in 1/mQ.
In the limit mQ → ∞, the theory exhibits the familiar heavy quark spin-
flavor symmetry. This new formalism permits a straightforward canonical
quantization to all orders in 1/mQ; moreover, higher order terms have rather
simple operator structures. The light-front heavy quark effective theory can
serve as an useful framework for the study of non-perturbative QCD dynamics
of heavy hadron bound states.
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1. Introduction
Since its discovery a few years ago [1], the concept of heavy quark spin-flavor symmetry
(HQS) has become a very useful tool for analyzing transition processes involving heavy
hadrons [2]. The HQS is most useful in relating otherwise unrelated transition form factors of
heavy hadrons, thus greatly simplifying the complexity of theoretical analyses. For instance,
in heavy meson decays such as B → D and B → D∗ [1], HQS implies that there is only
one single form factor called the Isgur-Wise function, which is also independent of the heavy
quark flavors involved. Furthermore, the well known normalization of this universal function
at the zero-recoil point provides a model independent means of determining the Kabayashi-
Maskawa matrix element |Vcb| from the decay data.
Formally this new symmetry can be derived directly from quantum chromodynamics
(QCD) when mQ →∞. It corresponds to the symmetry limit of the so-called heavy quark
effective theory (HQET) [3–6], which provides a systematic 1/mQ expansion of the heavy
quark sector of the QCD Lagrangian. However, symmetry alone can only relate static
and transition properties of heavy hadrons. In order to actually compute any physical
amplitudes, such as the universal Isgur-Wise function [1], one still has to confront the non-
perturbative QCD dynamics. Currently, except for the lattice approach, the Isgur-Wise
function has only been computed in various hadronic models, such as the constituent quark
model [7], the bag model [8], and QCD sum rules [9]. It would be very interesting if one
could calculate the Isgur-Wise function, or any hadronic form factors, directly from QCD.
Recently, there are considerable interests and activities in the study of hadronic bound
state problems using QCD quantized on the light-front [10]. The main advantage of this
approach is that the light-front Hamiltonian field theory provides us with a direct way
of constructing relativistic bound states by solving Schro¨dinger-type eigenstate equations
in a truncated Fock space [11]. Moreover, since the boost operation on the light-front is
kinematic, it is easy to boost the resulting wave function to any other frames once the
bound state equation is solved in a particular Lorentz frame. Consequently, once a light-
front QCD description of hadronic bound states is obtained, it is straightforward to compute
various hadronic amplitudes with arbitrary momentum transfers.
In this letter, we derive a heavy quark effective theory from QCD quantized on the
light-front. Our main purpose is to develop a formalism which is useful towards the goal of
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computing various form factors of heavy hadrons directly from QCD. Compared with the
usual HQET in the equal-time quantization, as we shall see later, the light-front HQET has
certain advantages that the canonical equal-time HQET does not have [12]. Furthermore,
we also find that all of the higher order terms in the light-front HQET have rather simple
operator structures.
2. 1/mQ Expansion of the Heavy Quark Lagrangian on the Light-Front
Let us begin with the QCD Lagrangian for a heavy quark:
L = Q¯(i 6D −mQ)Q, (1)
where Q is the heavy quark field operator, mQ the heavy quark mass and D
µ the QCD
covariant derivative: Dµ = ∂µ − igTaA
µ
a . To formulate the HQET on the light-front, the
following light-front notations will be adopted: The space-time coordinate is denoted by
xµ = (x+, x−, x⊥), where x
+ = x0 + x3 is the light-front time-like component, x− = x0 − x3
and xi⊥ (i = 1, 2) are respectively the light-front longitudinal and transverse components.
The light-front derivatives are given by ∂+ = 2 ∂
∂x−
, ∂− = 2 ∂
∂x+
, and ∂i⊥ =
∂
∂xi
. The product
of two four-vectors is written as a · b = 1
2
(a+b− + a−b+)− a⊥ · b⊥.
In the equal-time formalism, HQET is obtained by redefining the heavy quark field as
[4,5]:
Q(x) = e−imQv·x[hv(x) +Hv(x)], (2)
where v is the four velocity of the heavy quark, such that v2 = 1; hv(x) and Hv(x) are
respectively the so-called large and small components of the heavy quark field, satisfying
6vhv(x) = hv(x) and 6vHv(x) = −Hv(x). From the QCD equation of motion, one can express
Hv(x) in terms of hv(x) and show that the former is suppressed by 1/mQ compared to
the later. Using Eq.(2) and the relation between hv(x) and Hv(x), one can systematically
expand the QCD Lagrangian in powers of 1/mQ, and arrive at an effective theory for the
heavy quark [4–6].
In the framework of light-front quantization, the situation is quite different. Before
taking the heavy quark mass limit, the heavy quark field is already divided into two parts:
Q(x) = Q+(x) + Q−(x), with Q±(x) = Λ±Q(x) =
1
2
γ0γ±Q(x). The Dirac equation for Q
can then be rewritten as two coupled equations for Q±:
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iD−Q+(x) = (iα⊥ ·D⊥ + βmQ)Q−(x), (3)
iD+Q−(x) = (iα⊥ ·D⊥ + βmQ)Q+(x), (4)
where α⊥ = γ
0γ⊥ and β = γ
0. The above equations show that only the plus-component
Q+(x) is the dynamical field. The equation of motion for the minus-component Q−(x)
does not contain a light-front time derivative and therefore is a light-front constraint that
determines Q−(x) from Q+(x). In terms of Q+(x), the QCD Lagrangian (1) for the heavy
quark can be rewritten as
L = Q†+iD
−Q+ −Q
†
+(iα⊥ ·D⊥ + βmQ)Q−, (5)
where Q− can be eliminated by Eq.(4).
To derive the light-front HQET, we use the same redefinition of the heavy quark field as
in the equal-time case,
Q(x) = e−imQv·xQv(x), (6)
but without imposing any constraint on the new variable Qv to separate the large and small
components. It follows that
Q+(x) = e
−imQv·xQv+(x) , Q−(x) = e
−imQv·xQv−(x). (7)
Substituting these equations into Eq.(4), we obtain
Qv−(x) =
1
mQv+ + iD+
[
iα⊥ ·D⊥ +mQ(α⊥ · v⊥ + β)
]
Qv+(x). (8)
It is worth noting that in the ordinary light-front formulation of field theory, the elimination
of the dependent component Q− requires the choice of the light-front gauge A
+ = 0, and
a specification of the operator 1/∂+ which leads to severe light-front infrared problem that
has still not been completely understood [13]. However, for the heavy quark field with
the redefinition of Eq.(6), the above problem does not occur since the elimination of the
dependent component Qv− now depends on the operator 1/(mQv
+ + iD+) which has no
infrared problem. Moreover, it has a well defined series expansion in powers of iD+/mQ:
1
mQv+ + iD+
=
∞∑
n=1
( 1
mQv+
)n
(−iD+)n−1. (9)
Thus,
4
Qv−(x) =
{α⊥ · v⊥ + β
v+
+
∞∑
n=1
( 1
mQv+
)n
(−iD+)n−1(i~α · ~D)
}
Qv+(x)
=
{α⊥ · v⊥ + β
v+
+
1
mQv+ + iD+
(i~α · ~D)
}
Qv+(x), (10)
where we have defined
~α · ~D = α⊥ ·D⊥ −
α⊥ · v⊥ + β
v+
D+. (11)
Using the Eq. (10), one can rewrite the equation of motion for Qv+(x), Eq.(3), as:
2(iv ·D)Qv+(x) = (i~α · ~D)
v+
mQv+ + iD+
(i~α · ~D)Qv+(x). (12)
Likewise, the heavy quark QCD Lagrangian (5) can be expressed in terms of Qv+ alone.
The complete 1/mQ expansion is given by
L =
2
v+
Q†v+(iv ·D)Qv+ −Q
†
v+(i~α · ~D)
1
mQv+ + iD+
(i~α · ~D)Qv+(x).
=
2
v+
Q†v+(iv ·D)Qv+ −
∞∑
n=1
( 1
mQv+
)n
Q†v+
{
(i~α · ~D)(−iD+)n−1(i~α · ~D)
}
Qv+(x)
= L0 +
∞∑
n=1
Ln. (13)
This is the light-front effective heavy quark Lagrangian. It is easy to check that the equation
of motion, Eq.(12), is consistent with this Lagrangian. The expansion parameter in the
above Lagrangian is indeed ΛQCD/mQ since the operator (−iD
+) picks up the “residual”
momentum of the heavy quark, k+ = p+ −mQv
+, which is of the order ΛQCD.
As mentioned earlier, in the above derivation of the light-front HQET, unlike the equal-
time case, no constraint is imposed from the start to separate the large and small components
of the heavy quark field. In the present formalism, this separation of large and small com-
ponents is automatic. To see this more clearly, we rewrite the above results in covariant
forms. We define
Qv = Qv+ +Qv− ≡ h
L
v +H
L
v , (14)
where hLv is mQ independent and H
L
v contains all the 1/mQ correction terms, viz.,
hLv =
{
1 +
α⊥ · v⊥ + β
v+
}
Qv+, (15)
HLv =
1
mQv+ + iD+
(i~α · ~D)Qv+ = −
6n
2(mQn · v + in ·D)
(i 6D)hLv , (16)
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with nµ = (0, 1, 0⊥). The superscript L represents the fact that the large and small compo-
nents of the heavy quark field are separated on the light-front. One can readily prove that
the zeroth order field operator hLv has the desired property
6vhLv = h
L
v . (17)
Also, HLv satisfies Λ+H
L
v = 0; thus all 1/mQ corrections are contained in the light-front “bad”
component Q−(x). This fact provides a direct connection of heavy quark 1/mQ corrections
to high-twist operators [14]. In terms of hLv , the covariant form of the light-front effective
heavy quark Lagrangian reads
L = h
L
v (iv ·D)h
L
v − h
L
v (i 6D)
6n
2(mQn · v + in ·D)
(i 6D)hLv
= h
L
v (iv ·D)h
L
v −
1
2
∞∑
l=1
( 1
mQ n · v
)l
h
L
v (i 6D) 6n(−in ·D)
l−1(i 6D)hLv . (18)
3. Properties of the Light-Front HQET
In the symmetry limit, the light-front HQET reduces to
L0 =
2
v+
Q†v+(iv ·D)Qv+ = h
L
v (iv ·D)h
L
v , (19)
which clearly exhibits the flavor and spin symmetries, since it is independent of Dirac γ-
matrices and the heavy quark mass, as in the equal-time formulation.
However, beyond the symmetry limit, the light-front HQET has several advantages over
the equal-time formulation. In the equal-time HQET, the non-leading terms contain high
order time-derivatives; consequently it is difficult to perform a consistent canonical quanti-
zation beyond the limit mQ →∞ [12]. It is remarkable to see that in the light-front HQET,
only linear time-derivative appears, and it resides in L0. The presence of the matrix 6 n in
the non-leading terms eliminates all light-front time derivative terms. This can be seen more
clearly in Eq.(13). Thus the canonical quantization of light-front HQET is straightforward:
First of all, the canonical conjugate of the dynamical variable Qv+ is given by
ΠQv+ =
∂L
∂(∂−Qv+)
= iQ†v+, (20)
which does not involve any 1/mQ corrections. Then using the light-front phase space quan-
tization [13], we obtain the basic anti-commutation relation:
6
{Qv+(x) , ΠQv+(y)}x+=y+ = iΛ+δ
3(x− y), (21)
which is valid to all orders in 1/mQ.
The second very useful property of the light-front HQET is that the heavy quark effective
Hamiltonian is well defined on the light-front. From Eqs.(13) and (20), we obtain the light-
front heavy quark effective Hamiltonian,
H =
∫
dx−d2x⊥H(x) (22)
with the Hamiltonian density H given by
H = iQ†v+∂
−Qv+ −L
=
1
iv+
Q†v+(v
−∂+ − 2v⊥ · ∂⊥)Qv+ −
2g
v+
Q†v+(v · A)Qv+ +HmQ (23)
and
HmQ =
∞∑
n=1
Hn = −
∞∑
n=1
Ln (24)
This light-front heavy quark effective Hamiltonian can serve as a basis for constructing heavy
hadron bound states. It is also useful for the study of heavy quark dynamics with model
light-front wave functions. It is interesting to note that the non-leading light-front effective
Hamiltonian Hn is precisely the minus of the corresponding effective Lagrangian Ln given
by Eq.(13). This simple relation is not valid in the equal-time HQET, due to appearance of
the high-order time-derivative terms.
Furthermore, since we have not chosen any specific gauge, and also there is no light-front
infrared divergent problem for the heavy quark sector, short-distance QCD corrections to the
heavy quark current and the effective Lagrangian must be the same as those calculated in the
equal-time formulation [15,16]. Of course, an explicit calculation of the short-distance effects
in the light-front HQET is needed to confirm the above statement. We will nevertheless leave
it for future investigation.
Suppose we choose the light-front gauge (A+ = 0) in the light-front HQET, we see
immediately from Eq.(18) that, in the symmetry breaking terms, the power of the gluon
field does not increase with that of 1/mQ. This property, which is unique to the light-front
formulation, may greatly simplify our treatment of 1/mQ corrections.
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The heavy quark current can also be systematically expanded in 1/mQ on the light-front.
For instance,
Q
j
(x)ΓQi(x) = e−i(mQj v
′−m
Qi
v)·xQj†v+
(
1 +
α⊥ · v
′
⊥ + β
v′+
+ (−i~α·
←
D⊥)
∞∑
n=1
( 1
mQv′+
)n
(i
←
D
+
)n−1
)
× γ0Γ
(
1 +
α⊥ · v⊥ + β
v+
+
∞∑
n=1
( 1
mQv+
)n
(−iD+)n−1(i~α · ~D⊥)
)
Qiv+(x). (25)
In the heavy mass limit, it reduces to the following familiar from:
Q
j
(x)ΓQi(x) = e−i(mQj v
′−m
Qi
v)·xh
jL
v (x)Γh
iL
v (x), (26)
Consequences of the spin symmetry can be readily derived using this zeroth order heavy
quark current. As an example, consider the matrix elements
〈PQj(v
′)|h
jL
v′ Γh
iL
v |PQi(v)〉 and 〈P
∗
Qj(v
′)|h
jL
v′ Γh
iL
v |PQi(v)〉, (27)
where Γ stands for any arbitrary gamma matrix, PQ and P
∗
Q represent respectively a pseu-
doscalar meson and a vector meson containing a single heavy quark Q. The quantum
numbers of the heavy mesons can be efficiently accounted for by the interpolating fields
[16,17]: |PQi(v)〉 = h
iL
v γ5ℓv|0〉, |P
∗
Qi(v)〉 = h
iL
v 6 ǫ ℓv|0〉, where ǫ is the polarization vector of
the vector meson, and ℓv represents the fully interacting light quark (or brown muck). From
〈0|Qv+Q
†
v+|0〉 =
v+
2
Λ+, it is easy to show that
hLv h
L
v =
(
1 +
α⊥ · v⊥ + β
v+
)v+
2
Λ+
(
1 +
α⊥ · v⊥ + β
v+
)
β =
1+ 6v
2
. (28)
Hence, in the heavy mass limit, the heavy meson decay matrix elements on the light-front
take the familiar forms:
〈PQj(v
′)|h
jL
v′ Γh
iL
v |PQi(v)〉 = Tr
{
γ5
(1+ 6v′
2
)
Γ
(1+ 6v
2
)
γ5M
}
(29)
〈P ∗Qj(v
′)|h
jL
v′ Γh
iL
v |PQi(v)〉 = Tr
{
6ǫ∗
(1+ 6v′
2
)
Γ
(1+ 6v
2
)
γ5M
}
. (30)
where M is the transition matrix element for the light quark [17],
M = 〈0|ℓv′ℓv|0〉 → ξ(v
′ · v)I. (31)
Thus spin symmetry implies that the transition matrix elements (27) are described by a
single form factor ξ(v ·v′), which is just the famous Isgur-Wise function. Explicit calculation
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of the Isgur-Wise function from light-front bound state wave function will be presented in a
forthcoming paper.
4. Two-component Formulation of Light-Front HQET
It is well known that, on the light-front, a Dirac field theory can be cast in two component
form if a special γ-matrix representation is chosen [13]:
γ0 =

 0 −i
i 0

 , γ1 =

 −iσ2 0
0 iσ2

 , γ2 =

 iσ1 0
0 −iσ1

 , γ3 =

 0 i
i 0

 . (32)
In this particular representation the light-front heavy quark field has only two components,
namely,
Qv+(x) =

 ξv
0

 . (33)
The physical meanings of the symmetry breaking terms in the light-front HQET become
more transparent in this two-component formulation. Consider the leading 1/mQ correction
in the light-front effective Hamiltonian. Without loss of generality, we can choose a frame
of reference such that the transverse momentum of the heavy quark v⊥ = 0, and hence
v− = 1/v+. Within this frame, and adopting the light-cone gauge (A+ = 0), the leading
order 1/mQ corrections to the light-front heavy quark effective Hamiltonian become much
simpler,
H1 = −
1
mQv+
ξ†v
{
D2⊥ +
1
v+2
(∂+)2 + gσ3B
3 −
g
v+
(σ1E
2 − σ2E
1)
}
ξv, (34)
where B3 = 1
ig
[iD1⊥, iD
2
⊥] is the chromomagnetic field along the z-direction, and E
i = ∂+Ai⊥
is the transverse component of the chromoelectric field. The physical meaning of each term
inH1 is very clear. The first two terms represent correction to the kinetic energy of the heavy
quark; the third and the fourth terms are spin (helicity) dependent coupling to the gluon
field. Likewise, the 1/mQ corrections to the heavy quark currents in the two-component
formulation can also be easily obtained from Eq.(25) and Eq.(33).
5. Summary
In this letter, we have formulated the HQET on the light front. Consequences of the HQS
as derived in the equal-time formalism can readily be reproduced here. In addition, canonical
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quantization of light-front HQET is very simple, in contrast to the equal-time HQET where
the quantization procedure becomes non-trivial due to the occurrence of higher order time
derivatives. Also, the interaction part of the light-front effective Hamiltonian is simply the
minus of the light-front interaction Lagrangian. Such a relation does not exist in the equal-
time HQET. Finally we stress that the main purpose of this letter is to provide a basic
formalism for constructing light-front heavy hadron bound states from QCD. The results
obtained in this work are also useful in studying heavy quark dynamics with model light-front
wave functions. All practical applications will however be left to future publications.
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